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Abstract— This paper presents a software devised for the purpose of optimal motions computation for
robots. Generated motions satisfy a stability constraint and motors limitations while minimizing energy
consumption. Motion optimization is solved with the IPOPT optimization package. In order to achieve
fast and reliable optimization convergence, calculation of gradients is carried out. Almost rarely considered
in the literature, joint friction, which has a non-negligible effect on the optimized motion, is taken into
account. Efficiency of the proposed software is demonstrated through the optimization for the 30 degrees
of freedom humanoid robot HRP-2 of three dynamic motions: a kicking motion, a throwing motion and a
lifting motion. We have applied successfully the obtained optimal motions to the real robot. We show that
the motion optimization approach is a powerful tool to generate various types of motions, and to take into
account nonlinear limitations.
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1. Introduction

Considerable work has been devoted to optimal con-

trol of systems. This is due to the fact that in many

fields, e.g. aerospace, it is important to obtain energy

or time optimal motions. Optimization problems can

be solved with (i) indirect methods using the Pontrya-

gin’s Maximum Principle, and (ii) direct methods that

consist in solving the discretized problem by using

parametric optimization techniques. Direct methods

are easier to use, have a larger convergence domain

but are less precise than indirect methods. Direct

methods can be classified in three approaches: (i) Col-

location methods, see for example [1], (ii) Multiple-

shooting methods, see for example [2] (iii) Methods

based on parameterization of the state variables, and

obtaining the control variables from the inverse dy-

namic model. [3], [4] and [5] have proved that this

last method is more efficient for fully actuated robots.

Optimization techniques has been used to optimize

(virtual) human motions as in [6] and [7]. In robotics,

optimal motion generation has been used for the prob-

lem of walking of simple robots in [8] and [9]. In [10]

a database of 3D optimal motions has been gener-

ated for a 13-dof walking robot but not experimen-

taly used. In [11] motions for closed-chained mechan-

ical systems have been optimized, but no constraints

where considered. None of these works considered

joint’s friction, which however accounts for a large

part of joint torques. Recently, an interesting result

shows that the regularization of static friction allows

to solve the problem with usual techniques, provided

the discretization of the problem is sufficient [12].

Optimal motion generation for robots is not used

very often due to the complexity, heavy computa-

tions of the method and the absence of easy-to-use

dedicated softwares. In this paper we present a gen-

eral software that can be used for different type of

motions and robots. We improved the efficiency of

the gradient computation of the dynamic model, as

proposed in [6] and [13] and [11], by considering the

dependences in the recursive Newton-Euler dynam-

ics computations. We also considered the joint fric-

tion in the motion optimization. For this, we used a

regularization method. Section 2. presents the gen-

eral motion optimization problem for fully actuated

robots. Section 3. presents our software, the con-

straints formulation, and the gradients computation

method. Section 4. exemplifies our software on three

different motions for the HRP-2 robot and experimen-

tal applications. Finally, we give our conclusions and

perspectives in section 5..

2. Problem statement

The exact motion optimization problem to solve is

the following

min
q(t),u(t),F (t),tf

C(q(t), q̇(t), u(t), tf ) (1a)

subject to

u = f(q, q̇, q̈, F ) (1b)

cmeq(q, q̇, q̈, u) = 0 (1c)

cmineq(q, q̇, q̈, u) ≤ 0 (1d)

cmt(q(td), q̇(td), q̈(td), u(td)) = 0 (1e)

where q is the vector of parameters of the system,

u is the control vector and F the vector of forces and

torques applied by the environment, (1b) is the dy-

namic model of the system, (1c) and (1d) are the

constraints at every instant of the motion and (1e)

constraints at fixed instants. The goal is to find the

optimal functions q(t), u(t), F (t), and the final time tf
for which the criteria C is minimized and constraints

are satisfied.



3. Presentation of the software

To solve (1) Our software implements a direct

method that consists in the discretization of joint an-

gles j and forces k as B-splines (2), and motion con-

straints (1c) and (1d) at discreet points during the

motion.

qj(p, t) =
∑nqj

i=1 Bq,i(t)cq,ij

Fk(p, t) =
∑nF j

i=1 BF,i(t)cF,ik
(2)

where nj is the number of basis functions Bi(t), cij

are the B-spline coefficients, Nq is the total num-

ber of joints, NF is the total number of force com-

ponents. The parameters of the motion are then

p = {cq,ij | j ∈ [1, Nq], i ∈ [1, nqj ]}
⋃

{cF,ik | k ∈

[1, NF ], i ∈ [1, nFj ]}..

Additionaly to B-spline computations, our software

includes the definition of the motion characteristics,

the dynamic computations, the constraints definition

and computation, the criteria computation. Gra-

dients are also computed. The software includes

an interface with the optimization program IPOPT

(see [14] for more details).

3·1 Considered systems and model

We consider kinematic chains composed of revolute

joints each of which having viscous and dry friction.

We only address systems having at least one fixed

contact with the environment of unilateral surface-

surface type or bilateral type.

The dynamics of the considered class of system can

be modeled as follows,

um = A(q)q̈ + H(q, q̇) − JT F (3)

um ∈ R
n is the joint torque applied to the mechan-

ical system, q ∈ R
n, q̇ ∈ R

n, q̈ ∈ R
n are respec-

tively the joints’ positions, velocities and accelera-

tions, A(q) ∈ R
n×n is the inertia matrix, H(q, q̇) ∈ R

n

is the vector of Coriolis, centrifugal and gravity ef-

fects, F is the vector of external forces and torques

applied on the robot, and JT is the transpose of the

Jacobian between the space of application of F and

the joint space. This dynamic model is computed with

the recursive Newton-Euler algorithm.

The joint friction are included by considering the

control input being u, the joint torque um with the

effects of friction, that is

uj = um,j +
2ud,j

π
arctan(q̇jcr) + uv,j q̇j (4)

ud is the torque of static friction, cr is the regulariza-

tion coefficient for the static friction, uv is the coeffi-

cient for viscous friction. The bigger cr is, the better

the static friction approximation, but also the stiffer

the system is.

3·2 Criteria considered

For the time being, we implemented an energy cri-

terion that accounts for mechanical losses due to fric-

tion, and the losses in motors resistors,

C(q̇, u, tf ) =

∫ tf

t0

N
∑

j=1

Rjuj
2

K2
em,j

+ uj q̇j dt (5)

where Rj is the resistance and Kem,j the electro-

mechanical constant for the actuator of joint j. Other

useful criteria can be easily programmed, like mini-

mize the time or maximize the speed of a body.

3·3 Constraints

Several constraints can be added to the system.

They can be divided into two types: (i) physical limi-

tations of the system and (ii) motion constraints defin-

ing the characteristics of the desired motion.

The physical limitations are expressed as follows:

• joint limits qmin ≤ q ≤ qmax.

• the main actuators limits are the maximum sup-

ply voltage that gives −umax ≤ u + umax

q̇max
q̇ ≤ umax

and the maximum speed −q̇max ≤ q̇ ≤ q̇max.

• constraints of no sliding, no take off, no turn over

the edges of the contact of a body are given by











√

f2
x + f2

y − µfz ≤ 0

−fzxneg ≤ fxzsurf + my ≤ fzxpos

−fzyneg ≤ fyzsurf − mx ≤ fzypos

(6)

In the contact frame, fx,y and fz are respectively

the tangential and normal components of the ex-

ternal forces acting on the base, mx,y are the

external moments acting on the base, xneg, xpos,

yneg, ypos are the edges of the contact surface re-

spectively in x and y directions, and in negative

and positive directions, and zsurf is the distance

along normal axis between the surface and the

origin of the body. We did not considered the

friction constraint in rotation.

The constraints on the motion that are considered:

• position constraints of body j, at some discrete

instant td of the motion, given by posj(q(td)) =

pos0j,d.

• inequality constraints on the position of body j of

the system, for all discrete instants tk, are given

by n.posj(q(tk)) ≤ n.OP0
front,j where n is the nor-

mal to the plane delimiting the admissible zone

for the origin of the body j, OP0
front,j is a vector

from the origin of absolute frame to a point be-

longing to this plane, and symbol ‘.’ is the scalar

product.

• inequality constraint on the velocity of body j in

direction n, at discrete instants td, is given by

n.velj(q(td)) ≥ vel0.



• orientation constraint of body j, at discrete in-

stant td is given by



















θ1(q(td)) = arctan
(

uj,xjzj
.zj

uj,xjzj
.xj

)

= 0

θ2(q(td)) = arctan
(

uj,xjyj
.yj

uj,xjyj
.xj

)

= 0

θ3(q(td)) = arctan
(

vj,yjzj
.zj

vj,yjzj
.yj

)

= 0

(7)

where (uj , vj , wj) is the frame of body j,

(xj , yj , zj) is the absolute frame to which

(uj , vj , wj) superposes, the symbol ‘.’ is the scalar

product, and uj,xjzj
is the projection of uj in the

plane defined by vectors xj and zj . This way, the

orientation is simple to compute, avoiding singu-

larities and behaving well during the optimiza-

tion process. It also has a unique solution.

• fixed joint angle j for all discrete instants tk is

given by qj(tk) = q0
j .

3·4 Gradient of dynamic model

For the efficiency of the optimization process, it

is recommended to compute analytically and effi-

ciently the criterion and the constraints gradients

with respect to the optimization parameters p. The

main computation occurs with the gradient of joint

torques ∂uk

∂p
. Such computations can be found in

references [6, 13, 11]. An improvement of our gra-

dient computation comes from the consideration of

the system structure which allows computing only the

non-zero components of the gradient, while keeping a

generic algorithm. For this, we analyzed the depen-

dencies of the recursive Newton-Euler computations.

More details can be found in [15].

4. Results

The proposed software has been used for the gener-

ation of optimal trajectories for the Humanoid robot

HRP-2 [16]. We used a dynamic model of the robot

including experimentally identified viscous and static

friction. The dynamic parameters were obtained from

the CAD model of the robot.

4·1 Motion optimization

For all motions, we imposed some of the constraints

presented in section 3.. We considered joints limits,

actuators limits, no sliding, no take off, and no turn

over of the contacts. We considered the following car-

acteristics for each motion:

• Kicking motion. We specified initial and final

equality constraints on the position of the free

foot. To deal with auto-collision we used inequal-

ity constraints on the position of the hands and

elbows. Those inequality constraints were tuned

in order to obtain enough clearance without over-

constraining the motion. In order to implement

the motion on the real robot, we also considered

a 20 degrees constraint on the knee of the sup-

porting leg. Indeed, the controller implemented

on the robot that corrects the effects of flexibil-

ity in the feet and control the ZMP position, does

not deal with stretched legs.

• Throwing motion. The initial and final config-

uration are fixed. The only constrained used to

define the motion is a constraint on the speed of

the hand at the middle of the motion.

• Lifting motion. An object of 8kg is considered.

Weight of the object is obtained by artificially in-

creasing the weigth of the hands. Stable initial

and final configurations are pre-computed. The

motion is restricted to the sagittal plane by con-

straining some angles to 0deg. More details are

given in the paper [17].

For the parameterization of the kicking (throwing,

lifting) motion, we choose nqj = nFj = 9(15) B-spline

basis functions. For the computation of the criterion

we used 61(121) integration points and a trapezoidal

integration scheme. For the constraints, we consid-

ered 13(25) discrete points.

All optimization times are about 10min. The ob-

tained kicking motion duration is 809ms, the throw-

ing motion duration is 884ms, and the lifting motion

duration is 1.645s, which is fast motions for humanoid

robots.

4·2 Experimental results

We have implemented the optimized motions with

the flexibility stabilizer. We obtained successfully sta-

ble motions. The snapshots of the experiments are

presented in fig. 1. We have also experimented a lift-

ing motion without actuator constraints. It could not

be executed by the real robot, which shows the im-

portance of taking into account actuators limitations.

5. Conclusion

In this paper, we have devised dedicated software

for the optimization of motions for robots. We used

an efficient way to compute the gradient of the dy-

namics with respect to optimization parameters. We

have shown the efficiency of our algorithm for three

dynamic motions. We have also taken into account

the joint dry friction in order to obtain optimal mo-

tions closer to real optimal motions of robots. Those

dynamic motions have been successfully implemented

on the real robot.
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